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Abstract. The paper aims to study the influence of small stochastic parametric perturbations 
on an extended Volterra-Lo&a system exhibiting Hopf bifurcation. 
1. INTRODUCTION 
Recently the bifurcation analysis of stability of biological system is in progress. The Hopf 
bifurcation analysis of an extended Volterra-Lotka system which takes into accounts of the 
influence of encounters between the elements of prey species was studied by Serva et. al. 
[l]. In the present paper we shall study the stochastic analysis of the Hopf bifurcation 
of the extended Volterra-Lotka system under the influence of small stochastic parametric 
excitations due to the fluctuating environment. The method is based on the technique of 
Markov diffusion approximation. 
2. EXTENDED VOLTERRA-LOTKA SYSTEM: BASIC STOCHASTIC 
DIFFERENTIAL EQUATIONS 
Here the prey population +r(t) and the predator population +z(t)satisfy the deterministic 
equations (after reducing the number of parameters) [l] 
dx1 - = z:<1- 21) - 2122 
dt 
dx2 
- = 1(x1 - /4)x2 
dt 
(1) 
with C,p > 0. The equilibrium points for the system (1) are (O,O), (l,O), (p,p(l - p)). Now 
p can only vary between 0 and 1 (since 21, x2 > 0). Here we will limit our considerations 
to the equilibrium point (p,p(l - p)). It can be shown that this system undergoes a Hopf 
bifurcation at ~1 = 3 [l]. 
We first perform the following transformations 
Yl = Xl -P,Y2=x2-/4(1-4 
which result the following system of equations 
(2) 
where 
Y(t) = ;;I:; . 
[ 3 
W-,P) = 41 - 2Ph - PY2 - YlY2 + Ylz(I - 3p) - Y? 
W - P)Yl + kYlY2 
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To take into account of the random environment we extend system (2) to the form of the 
stochastic differential equation 
-$w = W(t), PL) + wt)y(t) (3) 
where 
W) = f(i) 
[ 
f(t) -g(t) 
0 
1 
* 
f(t) and g(t) are uncorrelated stationary stochastic processes with zero mean values, and e 
is a small parameter, lel << 1. The excitation processes f(t), g(t) are considered to have 
arbitrary smoothly varying spectral density functions with small correlation time [2]. 
Now the Jacobian matrix J(p) of F at (p,p(l - p)) h as complex conjugate eigenvalues, 
for ~1 in a sufficiently small interval including 3, and purely imaginary eigenvalues for p = 3. 
When ~1 passes through the value 4 on going from higher to lower values, the real part of the 
eigenvalues passes from negative (stable focus) to positive (unstable focus) values. These 
purely imaginary eigenvalues are [l) 
The linear problem corresponding to equation (2) has direct and adjoint eigenvalue problems 
J(;)a = Azawitha=c+id= 
JT(i)b = Xzb with b = e+if= [i]+i[_&] 
respectively. We consider the following transformations 
Y =Pra(c cos@+d sin@),@= 2 2 l kt+i 
J 
(4) 
where a and 4 are the amplitude and the phase of the solution. Substituting equation (4) in 
(3) and premultiplying by [ba]= yields the following pair of equations in a and 4 (neglecting 
the terms of higher order than s2) 
1 k 
tr = .5[a( f (t) cos’ Q - ;z 
J 
’ Tg(f) sin 2Qi + 5 
J 
2 f (t) sin 2Q) z 
+a’(k sin 2Qsin@ - cos3 @ - 
J 
f sin 2Qi cos a) 
(k+i)sin20cos@+ &Sin 20sin a} 
(5) 
where p - 3 = $7. 
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3. APPROXIMATION TO MARKOV PROCESS 
Since we assume that the correlation time of the processes j(t) and g(t) are small, ac- 
cording to the limit theorem of Stratonovich [3] and Khas’minskii [4], the process (a, 4) 
will converge weakly as E -* 0 to a diffusive vector Markov process governed by a pair of 
It6 equations obtained by applying the stochastic averaging procedure to equations (5). 
Therefore, equations (5) are approximated by the It2 equations 
da = e2mladt + c[alldWl + u12dW2] 
dq5 = .s’mzdt + E[u12dWl + g22dW2] 
where WI(~) and Ws(t) are independent Wiener processes of unit intensity, and 
(6) 
ml = Sl(O) + 3(k81 2)S~(g) + gS2(6) - fq 
m2 = -,%(fi) - $B2(fi) + ;&v 
(k + 2) 
a2 & + 42 = 5 4k&(O) + 2(k + 2)&(G) + t’Sz(&)} 
42 + 42 = G ’ S.%(O)+2(k+2)Sl( 
{ J 
5) + 2k2S2(0) + k’Sz( 
Sj (w) = Jw (hj (t)hj (t + T)) cm WrdT 
0 
Qj(w) = Jm (hj(t)hj(t + T))sinwrdr, (i = 1,2) 
0 
h(t) = r(t), hz(t> = g(t). 
The differential equations for the moments of a are given 
$(a’) = 2E2(rnl + E)(a2), 
where E = & { 4k&(O) + 2(k + 2)S&/j) + k2S2(fi)} 
Therefore, 
D(t) = ((a - (a))2) = e2C”(m1+E)‘{D2 - 
where D 1 = {(a) t=012, D2 = (a’) 1=0. 
From (8) it is evident that the condition for stability is 
ml+ELO 
or, 
Dle-baEt 
(7) 
(8) 
(9) 
The system passes from unstable state to stable state as 17 passes through the bifurcation 
point 
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9 =f 
1 
2LS1(0)+2(k+2)&( 
L 28)} k)+lc2S ( (10) 
Therefore it has been seen that the addition of small stochastic parametric excitations, 
under suitable conditions, give rise to a shift of the bifurcation point. 
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